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I present the formalism and methodology for determining the nucleon-nucleon scattering param-
eters from the finite volume spectra obtained from lattice quantum chromodynamics calculations.
Using the recently derived energy quantization conditions and the experimentally determined
scattering parameters, the bound state spectra for finite volume systems with overlap with the 3S1-
3D1 channel are predicted for a range of volumes. It is shown that the extractions of the infinite-
volume deuteron binding energy and the low-energy scattering parameters, including the S-D
mixing angle, are possible from Lattice QCD calculations of two-nucleon systems with boosts of
|P| ≤ 2piL
√
3 in volumes with spatial extents L satisfying 10 fm. L. 14 fm.
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1. Introduction
Lattice quantum chromodynamics (LQCD) calculations of the deuteron and its properties
would serve as theoretical milestones on the path towards determining quantities of importance
in low-energy nuclear physics from quantum chromodynamics (QCD). LQCD calculations are
necessarily performed in a finite Euclidean spacetime. Therefore, it is necessary to construct for-
malism that connects the finite-volume observables determined via LQCD to the infinite-volume
quantities of interest. Although the Euclidean nature of the calculations imposes challenges on the
determination of few-body scattering quantities away from the kinematic threshold in the infinite
volume limit [1], the fact that these calculations are performed in a finite volume (FV) allows for
the extraction of scattering parameters from the spectrum through the Lüscher method [2, 3]. This
method, which has been widely used to extract scattering phase shifts of two-hadron systems from
LQCD (see for example Refs. [4, 5]), has been generalized to multi-coupled channel two-body
systems with total spin S≤ 1/2 [6 – 10] as well as three-particle systems [11, 12].
I review the generalization of this formalism for two-nucleon systems with arbitrary parity,
spin, isospin, angular momentum and center of mass motion first presented in Ref. [13]1. This FV
formalism and the experimentally determined scattering parameters [16] are utilized to predict the
spectra of the positive-parity isoscalar channel at the physical light quark masses. I discuss how
the 3S1-3D1 low energy scattering parameters along with the deuteron binding energy can be si-
multaneously extracted from LQCD calculations performed in cubic volumes with fields subject to
periodic BCs (PBCs) in the spatial directions. The methodology reviewed here was first presented
in Ref. [17].
2. Deuteron and the Finite Volume Spectrum
The energy eigenvalues of two nucleons in a cubic volume with PBCs are determined by the
S-matrix. The following determinant condition,
det [M−1+δG V ] = 0, (2.1)
provides the relation between the infinite volume on-shell scattering amplitudeM and the FV CM
energy of the NN system below the inelastic threshold [13]. Since relativistic effects are expected
to be suppressed for NN-systems, the discussion here will be restricted to nonrelativistic (NR)
systems, and as such the energy-momentum relation is ENR = E− 2M = E∗NR + P
2
4M =
k∗2
M +
P2
4M ,
where (ENR,P) are the total NR energy and momentum of the system, and (E∗NR,k∗) are the NR
CM energy and CM momentum. The subscript will be dropped for the remainder of the paper,
simply denoting E(∗)NR as E
(∗). Due to the PBCs, the total momentum is discretized, P = 2piL d, with
d being an integer triplet referred to as the boost vector and L the spatial extent of the lattice. δG V
can be written as a matrix in the |JMJ(lS)〉-basis, where J is the total angular momentum and MJ
1The quantization condition for NN-systems was first presented in Ref. [14]. In this study the NN-system was
constrained to have overlap with S-wave scattering channels only. The only previous attempt to address the complexity
of the NN-system, including the spin, isospin and angular momentum degrees of freedom, is by N. Ishizuka [15], where
the quantization conditions for energy eigenvalues of a two-nucleon system at rest in the positive and negative parity
isosinglet channels were obtained for J ≤ 4.
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is its azimuthal component, l and S are the orbital angular momentum and the total spin of the
channel, respectively. In this basis, the matrix elements of δG V are,
[
δG V
]
JMJ ,IMI ,lS;J′M′J ,I′M′I ,l′S′
=
iMk∗
4pi
δII′δMIM′IδSS′
[
δJJ′δMJM′Jδll′+ i ∑
l′′,m′′
(4pi)3/2
k∗l+1
cPl′′m′′(k
∗2;L)
× ∑
Ml ,Ml′ ,MS
〈JMJ|lMl,SMS〉〈l′Ml′ ,SMS|J′M′J〉
∫
dΩ Y ∗l,MlY
∗
l′′,m′′Yl′,Ml′
]
, (2.2)
and are evaluated at the on-shell momentum of each nucleon in the CM frame, k∗=
√
ME∗−|P|2/4.
〈JMJ|lMlSMS〉 and 〈l′Ml′SMS|J′M′J〉 are Clebsch-Gordan coefficients, and cdlm(k∗2;L) is a kinematic
function related to the three-dimensional zeta function, Z dlm, [2, 3, 18 – 20],
cdlm(k
∗2;L) =
√
4pi
L3
(
2pi
L
)l−2
Z dlm[1;(k
∗L/2pi)2], Z dlm[s;x
2] =∑
n
|r|lYl,m(r)
(r2− x2)s , (2.3)
where r= n−d/2 with n an integer triplet.
Although the finite-volume matrix δG V is neither diagonal in the J basis nor in the lS ba-
sis, as is clear from the form of Eq. (2.2), for sufficiently low energies the determinant condition
above, Eq. (2.1), can be truncated due to the kinematic suppression of the higher partial wave
elements of the scattering amplitudeM . By truncating the orbital angular momentum of the NN-
system to l ≤ 3 and by considering three possible boost vector d = (0,0,0), d = (0,0,1) and
d = (1,1,0), Ref. [13] provided the explicit form of the 49 independent quantization conditions
(QCs) corresponding to the irreducible representations (irreps) of the cubic (O), tetragonal (D4)
and orthorhombic (D2) point groups. Furthermore, the QCs of the two irreps of the trigonal (D3)
group [corresponding to d = (1,1,1)] that have overlap with the 3S1-3D1 channel have been pre-
sented in Ref. [17].
Although these QCs will eventually be used to extract scattering parameters from the finite
volume LQCD spectra, one can utilize them here in combination to the experimentally deter-
mined scattering parameters [16] to predict the bound-state energies of the irreps that asymptote
to the physical deuteron binding energy in the infinite-volume limit. To do this, it is convenient to
parametrize the J = 1 S-matrix using the Blatt-Biedenharn parameterization [21, 22],
S(J=1) =
(
cosε1 −sinε1
sinε1 cosε1
)(
e2iδ1α 0
0 e2iδ1β
)(
cosε1 sinε1
−sinε1 cosε1
)
, (2.4)
where δ1α and δ1β are the scattering phase shifts corresponding to two eigenstates of the S-matrix;
the so called “α” and “β” waves respectively. ε1 is the mixing angle that parameterizes the coupling
between the two partial waves. It is well known that at low energies and at the physical point,
the α-wave is predominantly S-wave with a small admixture of the D-wave, while the β -wave is
predominantly D-wave with a small admixture of the S-wave. The deuteron is an α-wave bound
state.
Figures 1 & 2 show the spectra as a function of the volume of the eight eigenstates that have
overlap with the deuteron. An important observation is that, as can be observed from Fig. 2, the
spectrum of a system with a boost vector d = (0,0,1) or d = (1,1,0) strongly depends on the
3
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(a) (b)
Figure 1: (a) The upper panel shows the energy of two nucleons at rest in the positive-parity isoscalar
channel as a function of L extracted from the T1 QC, which can be deduced from Eq. (2.1) when the orbital
momentum is truncated to l ≤ 3 and is explicitly written in Ref. [13]. The dashed line denotes the infinite-
volume deuteron binding energy. The lower panel shows the contribution of the mixing angle to the energy,
δE∗(T1) = E∗(T1)−E∗(T1)(ε1 = 0). (b) The same quantities as in (a) for the NN system with d = (1,1,1)
obtained from the A2/E QCs.
(a) (b)
Figure 2: (a) The energy of two nucleons in the positive-parity isoscalar channel with d = (0,0,1) as a
function of L, extracted from the A2 (solid blue) and E (solid red) QCs. These QCs can be deduced from
Eq. (2.1) when the orbital momentum is truncated to l ≤ 3 and are explicitly written in Ref. [13]. The dashed
blue and red lines corresponds to the spectrum when δ1β = δ (
3D2) = δ (3D3) = 0 for the A2 and E irreps
respectively. The dotted blue and red lines corresponds to the spectrum when ε1 = 0 for the A2 and E irreps
respectively. The solid black line depicts the spectrum when all scattering parameters except the α-wave
phase shift are set to zero. (b) The same quantities as in (a) for the NN system with d=(1,1,0) obtained from
the B1 (red) and B2/B3 (blue) QCs. The spectrum for ε1 = 0 is not shown, because it is indistinguishable
from the black solid line. The black dashed line corresponds to the infinite volume deuteron binding energy.
mixing angle, ε1. This is certainly not the case for a system with a boost vector d = (0,0,0) or
d= (1,1,1), as can be seen from Fig. 1.
The strong ε1-dependence of the of the bound states with d = (0,0,1) and (1,1,0) compared
4
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(a) (b)
(c) (d)
Figure 3: The values of {a(3S1),r(3S1),B∞d ,ε1(iκ∞d )} obtained by fitting the six independent bound-state en-
ergies with |d| ≤ √3 (depicted in Figs. 1 & 2) using the approximated QCs in Eqs. (2.5-2.6), as discussed in
the text. The black lines denote the experimental value of these quantities determined by fitting the scattering
parameters obtained from Ref. [16]. The dark (light) inner (outer) band is the 1σ band corresponding to the
energies being determined with 1% (10%) precision.
to systems with (0,0,0) and (1,1,1) can be understood by careful investigation of the QCs given
in Refs. [13, 17]. It is straightforward to show that in the limit that the β -wave and J ≥ 2 D-wave
phase shifts vanish, the QCs of the systems with d = (0,0,0) and d = (1,1,1) reduce to a purely
α-wave condition
T1 : k∗ cotδ1α −4pic(0,0,0)00 (k∗2;L) = 0. (2.5)
A2/E : k∗ cotδ1α −4pic(1,1,1)00 (k∗2;L) = 0. (2.6)
In this limit the QCs for a systems with d= (0,0,1) and d= (1,1,0) reduce to
A2 : k∗ cotδ1α −4pic(0,0,1)00 (k∗2;L) = −
4pi√
5k∗2
c(0,0,1)20 (k
∗2;L) (
√
2s2ε1− s2ε1), (2.7)
E : k∗ cotδ1α −4pic(0,0,1)00 (k∗2;L) =
4pi
2
√
5k∗2
c(0,0,1)20 (k
∗2;L) (
√
2s2ε1− s2ε1), (2.8)
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B1 : k∗ cotδ1α −4pic(1,1,0)00 (k∗2;L) = −
4pi√
5k∗2
c(1,1,0)20 (k
∗2;L) (
√
2s2ε1− s2ε1), (2.9)
B2/B3 : k∗ cotδ1α −4pic(1,1,0)00 (k∗2;L) =
4pi
2
√
5k∗2
c(1,1,0)20 (k
∗2;L) (
√
2s2ε1− s2ε1), (2.10)
where sε1 = sinε1 and s2ε1 = sin2ε1. Therefore, these QCs include corrections to the α-wave limit
that scale with sinε1 at LO. This explains the large deviations of the energy eigenvalues for these
irreps from the purely S-wave values. It is straightforward to show that corrections to these QCs
scale ∼ 1L e−2κL tanδ1β and 1L e−2κL tanδDJ=2,3 , where κ =
√
BLd M = −ik∗ is the FV bound state
momentum and BLd denotes the FV binding energy.
In order to quantify the level of accuracy and precision with which the deuteron binding en-
ergy, α-wave scattering length and effective range, and the mixing angle can be determined at low
energies, I use the approximated QCs above, Eqs. (2.5-2.10) along with the effective range expan-
sion up to O(k∗2) to simultaneously fit the six independent bound states energies with |d| ≤ √3
predicted by the full QC, Eq. 2.1, by truncating the orbital angular momentum to be l ≤ 3. This
is done for NR energies that are assumed to be determined at the 1% and 10% level of precision.
Also this is done for both correlated and uncorrelated energies. In Fig. 3 only the correlated results
are presented, but in Ref. [13] it can be seen that these do not observably change when the ener-
gies are assumed to uncorrelated. Figure 3 allows us to conclude that with the approximated QCs
above, one can in fact reliably determined the infinite volume deuteron binding energy and mixing
angle from the determination of the bound state spectra at a single moderate volume satisfying
κL = 2−2.5. By determining the spectra at 1 % at a single volume L∼ 10 fm one can accurately
reproduce all of these quantities at the ∼ 1% level of precision.
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